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Interaction Mechanisms

 Neutrons interact with atomic nuclei via very short range (~fim) forces.

* Neutrons also interact with unpaired electrons via a magnetic dipole
interaction.
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Nobel Prizes for Research
with X-Rays

1901 W. C. Rontgen in Physics for the discovery of x-rays. %
1914 M. von Laue in Physics for x-ray diffraction from crystals.
1915 W. H. Bragg and W. L. Bragg in Physics for crystal structure determlnatlon.
1917 C. G. Barkla in Physics for characteristic radiation of elements.
1924 K. M. G. Siegbahn in Physics for x-ray spectroscopy.
1927 A. H. Compton in Physics for scattering of x-rays by electrons.
1936 P. Debye in Chemistry for diffraction of x-rays and electrons in gases.
1962 M. Perutz and J. Kendrew in Chemistry for the structure of hemoglobin.
1962 J. Watson, M. Wilkins, and F. Crick in Medicine for the structure of DNA.
1979 A. McLeod Cormack and G. Newbold Hounsfield in Medicine for computed axial
tomography.
1981 K. M. Siegbhahn in Physics for high resolution electron spectroscopy.
1985 H. Hauptman and J. Karle in Chemistry for direct methods to determine
x-ray structures.
1988 J. Deisenhofer, R. Huber, and H. Michel in Chemistry for the structures
of proteins that are crucial to photosynthesis.




The 1994 Nobel Prize in Physics — Shull & Brockhouse
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Brightness & Fluxes for Neutron &

X-Ray Saources

Brightness dE/E Divergence Flux
(s m%ster™) (%) (mrad?) | (s'm?)

Neutrons 10" 2 10x10 10"
Rotating | 1 0 0.02 05x10 | 5x10"

Anode

Bending 27 20
Magnet 10 0.1 0.1x5 5x10
Undulator 33

(APS) 10 10 001x 0.1 10%
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{ photons fs f e ¢ mra:l!.i' 0.1% BW )

Why Diffraction limit
Synchrotron- e
radiatiOn ? generation [EEHF{1QH}

@ ESRF (1094)
Intensity !!! sourcesy, .

o ! .-:1“
b (| |
™ i
1 il i
1 ' .h & _.-;!:_.."
i
- F

2"9e neration

SOLUrces

1*'generation O

1900 1920 19240 1980 1980 2000
Year



|EUROPE

S

SGreenland
ﬂ?ﬂ?‘lm'

ADVANCED
PHOTON
SOURCE

GGEg U

8 |gt Source

UNITED BTATES

NATIONAL SYNCHROTRON LIGHT SOURCE -

'“""'"3‘ ICEIAN ’éw
/ G 7

" Los Angeles

Los Alamos
science serving society

Torshavn,,

Jan Mayen
(NORWAY) _,
-

Norwegian Sea

& Faroe Islands
T (DENMARK)
)

SHETLAND
ISLANDS _#f »
Rockall r = ‘f_ gy ND 4 T;![hm
- { i g s ’{it ESTONIA /—Sj
.\‘r.n\'lng\-t.‘i’: b -/,)‘ A & Ty ) —
Nortl G s H F Moscow
North " Nousag » L ‘
At ic i [ g ,
Atlantic \1'\" : 4
e . .
Dcean | LITHUANIA Vitsyebsk " Smolensk
s  Vilnius, Mahl!yo«J_
20 Kaliningr "r{us-u Minsk :
e P E . )
o e <og BELARUS
%U ' \ HnmyéL i
= Brest -"J-\
L Kiev
JHRivne k“_ ;
Ce o
Se
iy UKRAINE
Chernivisi -~ Mykolayiv
- T Chisinau i%
i g X
= ?""‘l‘"“ NSiples ’HOLDOUA"
Hun‘p.\m f !
: Rpmnm i =5
(\.. \ \ ’:‘;"' ucxans(‘ Zu-ns.nnu‘

and Neutron

Scattering ”’i

bon

Places

itaha: ; 2
- 'Casnhlunu e
MGK@C}EO

a Lt}

" BALEARIC
ISLANDS

(o
R
*—"c.»;ll.m

Mediterranean Sea

Mgll rs

Scale 1@ 19,500,000

g A Valletta® Lambert Conformal Conic Projection,
. e MALTA cmudﬂrlf parallels 40°N and 56°N
ALGERIA™ “7/ o9 e
7 ¥ 7 [\ 300 Miles

80263TAL (ROI0R3) 6-99




The Neutron has Both Particle-Like and Wave-Like Properties

« Mass: m, =1.675x 10?7 kg

« Charge =0; Spin=1%

* Magnetic dipole moment: u,=-1.913 uy

» Nuclear magneton: py = eh/drm, = 5.051 x 1027 J T

» Velocity (v), kinetic energy (E), wavevector (k), wavelength (1),
temperature (T).

« E=mVv2/2 =kgT = (hk/2n)2/2m ; k =2 n/A = m_Vv/(h/2r)

Energy (meV) Temp (K) Wavelength (nm)
Cold 0.1-10 1-120 04-3
Thermal 5-100 60 — 1000 01-04
Hot 100 — 500 1000 -6000 0.04-0.1

A (nm) = 395.6 / v (m/s)
E (meV) = 0.02072 k? (k in nm")



The photon also has wave and

particle properties

E=hv =hc/I= hck
Charge =0 Magnetic Moment = 0
Spin=1

E_(keV) A (A)
0.8 15.0
8.0 1.5
40.0 0.3

100.0 0.125



Thermal Neutrons

Advantages &

1) Ay ~ Interatomic Spacing

2) Penetrates Bulk Matter (neutral particle)
3) Strong Contrasts Possible (e.e. H'D)
4) E, ~ Elementary Excitations {phonons, magnons, etc.)

5) Scattered Strongly by Magnetic Moments

Disadvantages o,

1) Low Brilhance of Neutron Sources-Low Resolution or Intensities; Large Samples; Low Coherence;
Surfaces Difficult

2) Some Elements Strongly Absorb (e.e. Cd, Gd, B)
3) Kinematic Restriction on () for Large E Transfers

4y Restricted to Excitations < 100 meV



Synchrotron X-rays

Advantages <&

1) Ay - Interatomic Spacing
2) High Brilliance of X-ray Sources - High Resolution; Small Samples; High Degree of Coherence
3) No Kinematic Restrictions (E,() uncoupled)

4) Mo Restriction on Energy Transfer that Can Be Studied

Disadvantages (22

1) Strong Absorption for Lower Energy Photons

21 Little Contrast for Hyvdrocarbons or Similar Elements
3) Weak Scattering from Light Elements

4) Radiation Damage to Samples



Cross Sections

cross section

The efiective arsa pressnied by a nucleus
to an incident neutron. One unit for cross
aaclion 8 the barn, &5 in "can’t hit the sde ol
n born”

a measured in barns:
I barn = 10-#* e¢m?

Attenuation = exp(-Nat)
N = # of atoms/umi volume
t = thickness
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& = number of incident neutrons percm’ per second

a = total number of neutrons scatteredper second / @

do  number of neutronsscattered persecond into d€2

dQ b dQ
d°c _ numberof neutronsscatteredpersecondinto dQ & dE
dCdd @ dL2dE




Scattering by a Single (fixed) Nucleus

L

k

Scattered Circular

1
N

Incidert |
Plane Wave ™
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Scattering Cantor

gl r=0

« range of nuclear force (~ 1fm)
15 << neutron wavelength so
scattering 1s “point-like”

* energy of neutron is too small
to change energy of nucleus &
neutron cannot transter KE to a
fixed nucleus => scattering 1s
elastic

= we consider only scattering far
from nuclear resonances where
neutron absorption is negligible

If v1s the velocity of the neutron (same before and after scattering), the number of neutrons

passing through an area dS per second after scattering is :

=vdSbh/r' =vb' dQ

-
-

vds |w5{:|t

Since the number of incident neutrons passing through unit areasis: ® =viy, ..~ =V

do _v b* dQ _
dQ  BdQ

b
']

00

todal

= 4mh’




Intrinsic Cross Section: Neutrons

Ni°8

¢o v 80 100
ATOMIC WEIGHT

e NUCLEAR
{ ® MAGNETIC




Scatttering by a Single Free Electron
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Intrinsic Cross Section:
X-Rays
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Phase atplanel =0 (per definition)
Phase at P = giFRHd)

Phase at plane 1 = g/l gitka,R-A)

‘ o =gt (= Kdykd, )
50 lﬁ = g git (4= K-k |
k



Adding up phases at the detector of the
wavelets scattered from all the scattering
centers in the sample:




Wave vector transfers defined as

g = k-Kk



um of scattered waves on plane 11:

Wie = AE‘ME%E_@&
i

do 1ch5|uurw| _ S .4| E —ig-|B—R ;)
@ yfaa  vaf R dQ%

1+ Cos*(26)

f; — electron coordinates




For newtrons, by depends on nucleus (1sotope, spin relative
o neutron (TT or L T1 ). ete. Even for one type ol atom,

fy = {h::-+ﬁ.|':l,- « random variable

by = (1% + (B [ops 5y |+ 5 31

ZET( zero unless i =

.

ool A Fine/ dn

"coherent” "incoherent"

In most cases, we must do a thermodynamic or ensemble
average

/ \

:E =(b)*S(q) S(f;}={;2e_iq'{ﬁ’_ﬁ*’);

| 1 !
{R; = nuclear posns




X-rays

do = r,”[1+ Cos(20)] S@)
dQ 2

S@) = <Zj; expl-19.(ri-rj)])

{r.} == electron positions.




Now, 2, exp[-ig.Ri] = py(g) Fourier Transform of nuclear densit
| sometimes also referred to agjF|

Proof:

Pn(r) =2 0(r - R))

pn(@) =1 pu(r) expl-ig.r] dr = % 8(r - Ry) exp[-ig.r] dr

= 2, exp[-i9.R|]
Similarly,

2. exp[-iq.r;] = p(q) Fourier Transform of electron density

So, for neutrons, §f = (p\(a) py (9) )

And, for x-rays, Sf) = ( pe(Q) Pe (a) )




H has large incoherent & (10.2 x 1024 em?)
but small coherent & (1.8 x 1024 ¢m?),
D has larger coherent o (5.6 = 10—24 cm?)
and small incoherent & (2.0 % 10-24 em?),
C,0 have completely coherent G°s,

V almost completely incoherent

(Teon = 0.02 % 10724 em? Gipe = 5.0 X 1024 ¢m?)

NOTE: sz—"“i Ri =pylg) F.T. of nuclear density function

PROOF: py(7)= I.re‘r' e :j'-::ﬁ‘ e 1 Tpp(F)
_J-djht,—f"i'rza[j—} _Er}zz iR
! i

Similarly for electrons.

! _ & _'| I | _ CP
S0 = P OV @) | )y =5 o @01




« Difference between H and D used in experiments with soft matter (contrast variation)

Values of 6., and ¢,

Nuclide

8]

o

Nuclide

(0]

o

coh inc coh inc
'H 1.8 80.2 vV 0.02 5.0
’H 5.6 2.0 Fe 11.5 0.4
C 5.6 0.0 Co 1.0 9.2
4.2 0.0 Cu 7.5 0.5
Al 1.5 0.0 SAr 249 0.0

* Al used for windows

* V used for sample containers in diffraction experiments and as calibration for energy

resolution

* Fe and Co have nuclear cross sections similar to the values of their magnetic cross sections

* Find scattering cross sections at the NIST web site at:
http://webster.ncnr.nist.gov/resources/n-lengths/




If electrons are bound to atoms centered on H,-
pet(F)=" fuF - R;)
f
per(@)= [dre™ 7Y flF - R,)
i
_ E{ jm_,{f—f:;-[r—ﬁ,- R, ],J ol Ri
i
=Zf(g)y 7N = Z1(7)py (g)

‘j i

atomic form factor



A-ravs

f= Mo+ & +inf’

A 7

“Reatiering “anomalous™
factor” big at edpes J—
= ffigh E#
3 .

l'j . E.l' )
E—E
“Kramers-Kronig

[Mspersion Relations

Af(E)=2x |




Slg) = {II o ()] :} [E 1la)f’ If"ur X-Tays

_ . _ ()
Fll.air {I}szﬂ.r:t'_rq.r p_-'-.-' |:|':J ? /\_AJ"——

= S(q)= [[drar'e™ T )py (r)py () R
If {py (Flpw (')} = Fn. of (r—r°) only, Liguids and Glasses
@)= [T Ry (py (- ) | ¢(R) and hence 500
Sfy) are isotropic.
B .I‘u'fﬂ e M Rg(R)
1’

o|R | = Pair-distribution function e

gy(#) =Reverse ET. of [S(g)— 1]

= Vipy (Flpy (7 - R))

SinlgR
= 41‘!J dyg qz in(gR) [ — 1]
=» Probability that given a particle at 7, there is 0 4R)

distance R from it {per unit volume)

2(R)=8(R)+ 2. (R)  S(g)-1=[dRe™ " g, (R)

. 2
-3|_=I.:.II fH}H—:I--:\ﬂ- —* r:-I:-F'.:I



L T

S(Q) and g(r) for Simple Liquids

Note that S(Q) and g(r)/p both tend to unity at large values of their arguments
The peaks in g(r) represent atoms in “coordination shells”

g(r) is expected to be zero for r < particle diameter — ripples are truncation
errors from Fourier transform of S(Q)

- Fig. 32 The poir-distribution tunction gir) obisined [roam the expetimenial
Fig. 5.1 The atrsct factor 5T ) Tor Ay ut B3I K The throwagh 1the
F:Hpﬂrt“ﬂ“'imﬂ::ll uhﬁm&l:nﬂ'; a EI:ID::CI.I‘[II ﬂnw;f::n:lc:hrmm sl reaulis in .Fri" F.1. The mean number *m np=213x H-I“ #loma m- :
Verle basad o0 & Lensard-Joors posestinl. (Afer Varnell er al, 1973.) (After Yarnell ¢t ai, 1971

§ T ] T T T T T 1 1 T =T m | T — 1 S L A A L AL
it =




MNeutrons

X-ravs

Ha)= Y iz Zg. ficla) (@) Ski-(a)
KX

2
i Ensz{lﬂ]}

(KK = Dnfferent atomic types)

f

55:'5:"(‘”2{ ZE_@'IR"{H‘RI{”’]]>

VK )K"
= partial structure factor

These can be unscrambled by simultanecus measurements

dc .
of for neutrons, different
ifLd

Is0topes + X-ravs.



For Periodic Arrays of Nuclei, Coherent Scattering Is Reinforced Only in
Specific Directions Corresponding to the Bragg Condition:
A= 2d,, sin(6) or 2k sin(8) = Gy,




In general, in a scattering experiment

gl =2k Sin® = q%’:’-‘.in&l

A simple way to see Brage's Law;

Path length difference between rays reflected from
successive planes (1 and 2) = 2dSm 8

- Constructive interference when

ntho=2dSmne




Define 3 other vectors:

by =2nrlay xas vy

by =2m(ay xa )vg vg =dy -{@y xdy)
= unit cell vol.
= Eﬂ{ﬁl Xy ]'I."ll‘ﬂ

These have the property that & -h_rf- - 2:':-5{1-

So if we choose any vector ¢ on the lattice defined by
M.ba Iy

unit cell

G =mby +myby +msby
The repeating unit of a crystal.
then for any G, R,

G- Ry = 2nxinteger — Implies & is normal to sets
of planes of atoms spaced
2m/G apart.

Reciprocal Lattice

Lattice Vectors By =mydy +myiiy + mydy

dy.idy.dy — primitive translation vectors of unit cell. - _*iﬁjﬁ

5. k. miaba

OR




Crystals (Bravais or Monotonic)

o ] ( 1.2!'I[ iR -Eajl\)
— = .'r,"l.l & . £
[‘:"rﬂ nElIrons ' II",ZH /

where R, denotes a lattice site

- h{h}:{gz{' e~k ;'|

Sow

RLEB IR
£ (r

vp = Vol. of unit cell; G = Reciprocal Lattice Vector

[ Property of reciprocal lattices and direct lattices:

E—.I-f': o =¢,nr-2“.|1' _ |]

iy 2 [2?1:}'1" . =\ =2
— ={h)"N- 8lg -G e
[{fﬂ ].' pELIErOIS } Y0 %r




20

(Introduce e =" = “Form factor™ for thermal smearing of
i Y
(@) ) ,
atoms = ¢ ! = Debye-Waller factor)

Simlarly,

dc 22
[E] )
'L—.I"r|'_].'|

l b ] L
| +Cos {E'E!}]f.”{'_”ﬁ-nr-;

2ESmO =G = H
i

L A=2dSin8|  Braee's Law




Reciprocal Space — An Array of Points (hkl)
that is Precisely Related to the Crystal Lattice

G = 2/ (hKl)=(260)

a* =2m(b x ¢)/V,, etc.

A single crystal has to be aligned precisely to record Bragg scattering



Crystals with Complex Unit Cells
(more than one type of atom/cell)

Generalization

| '

] 1 . - — — — III
day | Eh.i.: byre R+ Ry ~Re=Ry) |
g |\ i /

\ KK’ .'

! |

where by is coherent scattering length (b} for K-type
atom in unit cell at position & .

Ve ~ig-(R:—Ry)

I. I.:.'

F (structure factor)



des N2 o o 2efe =
—— ==Y Rl 8lg - 6)
[{fﬂ ]HI'."“I.I"I'JH .HI:I' % |

[d_cr] _N-(2n) S g EE{:}—{?}[ | +CDEE{EE}]
T=ray e

€2 Vi 2
where
Y =2W iRy | WCTAY structure
Fo =3, Zx fic (Grg ek 710 Rx factor
K

Measurement of Structure Factors — Structure
BUT what 1s measured is |F{;|E NOT Fi;!

— “Phase Problem™ — Special Methods
Note that |Ff,-|E can be written Eu Kl g ¢~ Ry ~Rx)
KK

so that its F. T, yields information about pairs of atoms

separated by Ry — R+ = Patterson Function,



We would be better off
if diffraction measured
phase of scattering
rather than amplitude!
Unfortunately, nature
did not oblige us.

Picture by courtesy of D). Sivia

Figwre 1.3

A graphic illimetvation wf Ehe phadsd pridhles: (4) anf s} @dre bhe
originel imsges. (o) in che (Fourierd reconsiruclion whidh kes Lhe Foirder
phasis af (&f amd Fowriar saplitwlies af {R); (i) i dhe reconsfreaction « LR
the phares of (8] &l Ehe amplilinfes af (&)



Powder Diffraction gives Scattering on

Debye-Scherrer Cones
(220)

Incident beam
X-rays or neutrons

(200)

Bragg’s Law A = 2dsin®
Powder pattern — scan 20 or A |



For a given k, & will lie on a cone (Debye-Scherrer
cone) traced out by a G on the Ewald sphere as it is
oriented randomly about the origin of reciprocal space.

l..,EJIr'l
. ” n 28 = scattering
angle
B (90 48 /ue)
. A
Peaks whenever Sinb = for all sets of planes
2d g

indexable by (fr. &, ¢) with spacing g (provided
|F.l'i'-i'-’ : #0)



B. Single Crvstal Brape Methods

o '..I-'. '.. -lrrJ"..l -
Integrated Intensity under Brage Peak ¢ Laue Method

1

b A
T : |F.".'.'5.-'
v Sin(26)

'II.".'.'!." =0

e —0(R) — | Fpps

il A A = Incident flux between A, A+dA



Texture Measurement by Diffraction

. (220)
Non-random crystallite —

orientations in sample / \

'\
Debye-Scherrer cones \ / -
* uneven intensity due to texture ‘e’
* different pattern of unevenness for difterent hkl’s
* intensity pattern changes as sample is turned



2-D Crystals (Adsorbed Monolayers, Films)

If R, are all restricted to say the (x.y) plane, z-component
of g will not affect =+ diffraction is on rods in reciprocal space through the

e E_F" and parallel to z-axis
S(G)= z{_;fﬁ" Ri-Ry)
£F

T Only g_-dependence
dz of I along rod 15 due to

which is thus independent of g ‘ H ‘

. g }E—EFF (functions
o T — q :
Sla) {ZEL{I E‘TIIJI y of g, but slowly
l yd

varying)
—
where dy
{:I 15 2-D reciprocal lattice vector in plane Powders of 2-D Crystals
e‘,rl 15 (x,v) plane component of §
.& asymmetric { saw-tooth)
1(4) [ " powder peak shape

{ Warren)




|-D Crystals

.

S(§) independent of g, and ¢y Planes of scattering n
reciprocal space.




Alloys, Crystals with Defects
(vacancies, impurities, etc.)

[For neutrons, b = (Sc. length of nucleus at site () xe e
For x-rays, by = Zf(g)e™" try for atom at site .]

For 2 types of atoms 1,2 with by, ba

{3 :
CE =N [y pe +ba(l—p )by pe +ba(t—p ]
{-Iiﬂ I'|I f Il..r
}-:[;_r_f‘?'m‘ _E.'":I]
where

P, = probability of occupn. by atom 1 on site 7,
pr =c+ Oy

¢ = {p; ) = Conen. of type 1.



“I' .3} | | | i - __Irl .
d;=|ih:|'.5'”{q}+2|[jl —,}’ﬂliﬁpﬁapﬁ,f §lR:~R }::'
14 i |

where

b =Me+by(1-¢) = average b

Sold)=

A
T 2.8 -G)  [Bragg Peaks]
G

2" term — Diffuse Scattering

If 8p,.8p - uncorrelated, (8pdpyr...) ~ &y

2" term = ( —h}ﬂ“apf:, =‘{.f'1 ~ ) ell—e)



SAXS

Length scale probed m a scattermg experiment at

Small Angle Scattering [SANS]

2T
wave-vector transfer g 1s ~ [?] (E-}_.t-. Bragg

: 2m
scattering dp; ~ )
G

Thus small ¢ scattering probes large length scales, not
atomic or molecular structure,

At small g, one can consider “smeared out™ nuclear or
electron density varyving relatively slowly in space.

1) [[drare @ Np (7)p, ()

where

p, (F) = scattering length (average) density for
neutrons

= electron density for electrons.



Since uniform p, (#) would give only forward scattering,
we use the deviations (contrast) from the average density

1(q)e [[ drar'e™" " )op, (7)p, ()

single Particles (Dilute Limit)

Let py be average s/d (e.g., embedding media or solvent)

Py be average s/d of particle (assume uniform)

3
-

=(p1 -po )11 (@)

1(g)==(py —IJU}ZUF dre” 1T

where V is over volume of particle, (i) is determined by
shape of particle, e.e_, for sphere of radius R,

Sin gk )= gR Cos(gR) Vi = Particle

flg)=0v) (gh P Volume

ongin of 7 13 taken as centrond of particle.

Expanding exponential,
e r i
e | K _am = - i
JF dre =¥y ”f:,:fi,.”f"_ 5 ) (g -7 ]2 +...

[ g P
~ ¥y 1_1L

2 IF r

2 [ dre?
=¥ l—q—JF—+,..

11;:‘;£ rg = radius of gyration

=

_ 1 2 2
s0 1(g)= b1 -po P73 =| 1347+

approx.

1 22
_ 2 317G
IG)=~ A{p]—pﬂ}zi’ﬂ-ﬂ 3

Guinier Approxn.



Scattering for Spherical Particles

2
is determined by theparticleshape.

The particleform factor ‘F{Q} = dee’@'“_'
:

Fora sphereof radius R, F(Q) onlydependson themagnitudeof Q:

Fopnn0) = BV{“" e Qi‘;‘mgﬁ] =% QR 7,2t Q=0

Thus,as Q — 0, the totalscattering from an assembly of uncorrelaked spherical
particles[i.e. when G(T) — 0(7)]is proportioml to the square of the particle volume

times thenumber of particles.
For elliptical particles
replaceR by:

R —s(a’ sin"®+b" cos’ )"
where t}1s the angle between

the major axis (a) and {_j




Determining Particle Size From Dilute Suspensions

+ Particle size is usually deduced from dilute suspensions in which inter-particle
correlations are absent
In practice, instrumental resolution (finite beam coherence) will smear out
minima in the form factor
This effect can be accounted for if the spheres are mono-disperse

« For poly-disperse particles, maximum entropy technigues have been used
successfully to obtain the distribution of particles sizes

ERPESIMINT SMEANED #Y MTTRUMENTA
MESDLLTION
e a OO0 5L RE O iH gl

Fig. 4. Plot of In 1{Q) vs Q for 3:98 vol.% monodisperse PMMA-H
spheres (core C1) in D;0O/H,0 mixtures.




Size Distributions Have Been Measured
for Helium Bubbles in Steel

The growth of He bubbles under neutron irradiation is a key factor limiting
the lifetime of steel for fusion reactor walls

— Simulate by bombarding steel with alpha particles
TEM is difficult to use because bubble are small
SANS shows that larger bubbles grow as the steel is
annealed, as a result of coalescence of small bubbles
and incorporation of individual He atoms

£\ 2 By 825 F N ZE

Ll 1S ik 1 y '.L'I . |:
RIA kA R (Al

SANS gives bubble volume (arbitrary units on the plots) as a function of bubble size
at different temperatures. Red shading 1s 80% confidence interval.
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Contrast & Contrast Matching

REA
Cild sy

Water

Fraiste jr

I Sugal

|— t"l& ctn) k]
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e-Fhos phatid vicholins

—
- Phosphatid yleholing

NEUTRONS

D0

YH.O

Rl PN

A-RAYDS

Prolein

Watar

Lipid

* Chart courtesy of Rex Hjelm

L

1]

A B

Both tubes contain borosilicate beads +
pyrex fibers + solvent. (A) solvent
refractive index matched to pyrex;. (B)
solvent index different from both beads
and fibers — scattering from fibers
dominates



|sotopic Contrast for Neutrons

Hydrogen Scattering Length Nickel Scattering Lengths
[sotope b (fm) [sotope b (fm)
IH -3.7409 (1 ]J- 5HNi 15.0 (5}
‘D 6.674 (6) 60N 28(1)
T 4,792 (27) o
NI 7.60(6)
*Nj 8.7(2)

#Nj 038 (7)
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small-Angle Scattering Is Used to Study:

S1zes | of particles in dilute solution {Polymers,
Shapes | Micelles, Colloids, Proteins, Precipitates, ...)

¢« Correlation between particles in concentrated solutions
(Aggrepates, Fractals, Colloidal Crystals and Liquids)

o Z2-component or multicomponent systems ( Binery fluid
mixtures, Porous Media, Spinodal Decomposition)

For colliodal, micellar higquids:

S@)= X fi(@)s7(a)e RRe)

Form Structure
Fa-:mrﬁ. R _W Factor
=[7e ()" Solg)

Solg)= Zer”‘?'m" Re) _ g F. of centers of particles

— Liquid- or glass-like

Fractals | These are systems which are scale-invarient
(usually in a statistically averaged sense)
1.e., B — kR, the object resembles itself
(“self-similanty™)

Property: If n(R) 1s number of particles inside a sphere of
radius R

I = Fractal (HausdorfT)

-~ gD :
i)~ R Dimension

It follows that

dnR3d Re(R) = CRE-14R € = constant

I T S |
se(R)=—rP3_
g(R) 4m dr p3-0

: . _m B |
e Jln'ﬁ';f . Rgl{.ﬁ"} = Const X5
i
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xamples: Appregates of micelles, colloids, granular
matenals, rocks®
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X-Ray Scattering Scheme

Scattering ~ Power Spectral Density
1 (9,,9y) ~ S(dy9,) = FT (C(X,Y))



Scattering Geometry & Notation

Reflectivity:

0=9,=0
d,= (477A)sinq;




Reflection of V|S|ble nght

L _,?'E_F,?_v ;
3\?. . E




Perfect & Imperfect ,,Mirrors*




Basic Equation: X-Rays

Helmholtz-Equation & Boundary Conditions

AE(F) + k2 ni(F) E(F) = 0



Refractive Index: X-Rays & Neutrons

n2(f) =1+ N-2 —LE)

meg wo—wQ—Zi Mo w

_, 2 _. magnetic
n%(r) =1 212 V(r)+ part

Minus!! _ _ Absorption
Dispersion



Refractive Index: X-Rays

2 :
n(z) =1 2)\77 re o(z) + 1 ﬁ p(z)

re0 (10%em™2) §(107%)  p(em™) a.(°)

Vacuum 0 o 0 0 0(2) = {0z, y,2))zy
PS (CgHy), 9.5 3.5 4 0.153

PMMA (C;H;0,), 10.6 4.0 7 0.162

PVC (C,H;Cl),  12.1 4.6 86 0.174

PBrS (CsH;Br),  13.2 5.0 97 0.181 .
qunzsio) 1017 esta s ooz EIECTFON Density
Silicon (Si) 20.0 7.6 141 0.223 ila |

Nickel (Ni) 72.6 27.4 407 0.424 P r Of 'Ie .

Gold (Au) 131.5 49.6 4170 0.570

E =8 keV A=154 A



Formal Solution

Refractive
Index
of the
sample
n(x,y,z) Refractive Lateral

Index Profile Distortions

| |

. Diffuse
Reflectivity Scattering




X-Ray Reflectivity: Principle
R S n.<n, |

Visible Light , |} e ———

Reflectivity:
n2 > 1 n,
X'Ray n,
Reflectivity:

n,<1 n,




Total External Reflection

n=1-6+i8

cos a; =(1-0) cos q,

O(t=0>

Critical Angle:
a,=v256~0.3°

GRAZING ANGLES !!!



Single Interface: Vacuum/Matter

Fresnel- Reflected . B kl 2 k £,z
Amplitude
Formulae P Ak 2tk
L Transmitted O 2 kl 2

n=1 L Amplitude t_A lﬁz‘”ﬁz
) k. Xk .

Wave-

Vectors ki 2= s 0
ki, = k(n — cos 041)1/2

7




1.0

0.8

0.6

0.4

0.2

0.0

Fresnel Reflectivity: R{(a)

T T~ T :
- -\\_ —8/6=0 n
i Hx — —8/6=1/50 i
— Total External —.—8/86=1/10 ]
. v
B Reflection & :
N Regime -
- 'R TN NN TN NN NN SN SN S NN SR S S, R | | -
o0 0-5 1.0 1.5 2.0 2.5



The ,,Master Formula“

Reformulation for Interfaces

R(g:) = Rp(qs) Q; j di@ expligz) dz

7

Fresnel-Reflectivity \
ofthe Substrate  Elactron Density Profile




Roughness Damps Reflectivity

10° L -
1077 & =
+ = A=154A ) E
AL :
-3
U 3 sharp interface E
A — —error—function (NC) :
1077 = — - —errar—function (BS) :Q“‘.ﬂ‘\\ =
. Ca =
- — -- tanh—profile - N
B -"“-_-"“'-..__
‘]0_5 ' TS SN T NN SN SR TN SR NN TN SN SR T SN SN SN S S P
O 1 Z S 4 )



10°

X-Ray Reflectivity: ]
10

Water Surface
1072

[

_ 2 ) 0 005 0.10 0.15 0.20
Difference = 10 q? (%)
Experiment- oS Fresnel Reflectivity

Theory: /
Roughness !! 107 o«

107’ A~

Braslau et al Measurement :

-8 i 2 | : L . s
PRL 54, 114 (1985) © 0 0.15 0.30 0.45

q, (&™)



Example: PS Film on Si/SiO,

10°[a 7 ¢
75 X-Ray Reflectivity (NS!.S) 6
L A=1.19A d=109A 5
~197EY  Data &Fit o4t
3 :_ o 3
: 1074 iy
— ) '
€ 107°f
1078 E—
0



Calculation of Reflectivity

\ Slicing
Slicing of Density Profile &

5(z)x).(6,—6._,) s Parratt-lteration
j )] ) 1// \\ / @

/ \

~— / \

~—
™ / ‘\
~ 7 /

Reflectivity
from
Arbitrary
Profiles !

* Drawback:
7 Numerical Effort !

N



Crystal Truncation rods
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X-Ray Reflectometers

™ _ Laboratory
Setup

("slit 3")
X-ray source

rotating anode slit 4

detector

two circle goniometer
synchrotron

analyzer
("slit 3")

Synchrotron _
Setu p det:;ctor

slit 4

HASYLAB: CEMO



Reflectivity from Liquids |

Synchrotron !@ ’ﬂi
Setup (APS) & ||

’ |

!

f |
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R
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|
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|

11&/1-999 b:26pm



We Have Seen How Neutron Scattering
Can Determine a Variety of Structures

xR i
=y vy Mstilran

prazn | (IEEE

peas | =R

Cu A ; fe fi > ey
crystals sirfaces & interfaces disordered/fractals biomachines

but what happens when the atoms are moving?

Can we determine the directions and
SN ay e a8 time-dependence of atomic motions?
ﬂ’@ﬂiﬁ Can well tell whether motions are periodic?
ASKoAaYs Sonas Ete.
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| S by inelastic neutron scattering
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The Neutron Changes Both Energy & Momentum
When Inelastically Scattered by Moving Nuclei

(8} Eastic Scastering (k's k) -
H.F'

w e wm ——

nnnnn

e 1) (W =kl




The Elastic & Inelastic Scattering Cross
Sections Have an Intuitive Similarity

* The intensity of elastic, coherent neutron scattering is proportional to the
spatial Fourier Transform of the Pair Correlation Function, G(r) |.e. the
probability of finding a particle at position r if there is simultaneously a
particle at r=0

+ The intensity of inelastic coherent neutron scattering is proportional to
the space and time Fourier Transforms of the time-dependent pair
correlation function function, G(r.t) = probability of finding a particle at
position r at time t when there is a particle at r=0 and t=0.

+ For inelastic incoherent scattering, the intensity is proportional to the
space and time Fourier Transforms of the self-correlation function, G_(r,t)
|.e. the probability of finding a particle at position r at time t when the
same particle was at r=0 at t=0




The Inelastic Scattering Cross Section

W
i

' . 2 . ' .
Recall that| —¢C =b2, = NS(O.w) and do = ims;(g,m}
dQdE | "k dOAE | "k

where S(0,®) = ﬁjj G(F.0e" Y didt and  S.(0,0) = zﬁﬂ G (7, 0" drd

and the correlation functions that are intuitively similar to those for the elastic scattering case:

G(F.1)= %j(p_&.{ﬂ{]]p.f (F + fé,r}}d? and G (F.1) =%2 j(a‘(r- —R,(0)8(F + R - R_J.[r}}}a’?'
i i j

The evaluation of the correlation functions (in which the p's and & - functions have to be treated
as non - commuting quantum mechanical operators)1s mathematically tedious. Details can be
found, for example, in the books by Squires or Marshal and Lovesey.



Examples of S(Q,w) and S.(Q,w)

« Expressions for S(Q,m) and S (Q,®) can be worked out for a
number of cases e.g:

— Excitation or absorption of one quantum of lattice vibrational
energy (phonon)

— Various models for atomic motions in liquids and glasses

— Various models of atomic & molecular translational & rotational
diffusion

— Rotational tunneling of molecules

— Single particle motions at high momentum transfers

— Transitions between crystal field levels

— Magnons and other magnetic excitations such as spinons

+ Inelastic neutron scattering reveals details of the shapes of
iInteraction potentials in materials



A Phonon is a Quantized Lattice Vibration

« Consider linear chain of particles of mass M coupled by
springs. Force on n’th particle is

F:J :{I'I:IHH +'ﬂ:|(urr—| +Hu+] }+{Il (Hrr—l +Hrr+2)+"'

® “\\
First neighbor force constant displacements

+ Equation of motionis /. =M,
« Solution is: u,(1)=A4,e"""""  with @, Z%Zﬂ-} Sinlilawfa}

2 4 N 2
g=02x= + % s ®
L 2 L sl
: (™ u
| —

Phonon Dispersion Relation:
Measurable by nelastic neutron scattering : 0.5 0.5 ]

qa/2m




Inelastic Magnetic Scattering of Neutrons

* |nthe simplest case, atomic spins in a ferromagnet precess
about the directir.:nn of mean magnetization

H= Zm =H +thﬁbj C

¥

exchange coupling spin waves ( magnons)
ground state energy

with
ho,=28(J,—J,) where J =Y J(I)e" -
! Fluctuating spin 1s

haw, = Dq” is the dispersion relation for a ferromagnet p.erpepdicular lo mean spin
direction == spin-flip

neutron scatteri ng

TYYYIPYYYYYY

ypin wave amimation courtesy of A. Zheludev (ORNL)



Measured Inelastic Neutron Scattering Signals in Crystalline
Solids Show Both Collective & Local Fluctuations®

||| 1 "Il' [ ]
T = 78K O=007TA

gl L i |
=04 =02 oo 02 o

Energy (me |
Spin waves — collective
excitations

Ta17K

| ,
A || era——

- o a L
Epesgy (HeV )

T = 044K

I

|
) J A JUAL

- -3 o
Energy (maV

Crystal Field splittings
(HoPd,Sn) — local excitations

Local spin resonances (e.g. ZnCr,0,)

* Courtesy of Dan Neumann, NIST
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Transverse phonon
e, =(0,0.1,0)a
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Atomic Motions for Longitudinal & Transverse Phonons
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The Accessible Energy and Wavevector
Transfers Are Limited by Conservation Laws

» Neutron cannot lose more than its initial kinetic energy &
momentum must be conserved

| E

Intersection of the dynamical
range surface (paraboloid) with
a (rotationally symmetric) dis-
persion surface. The projection
of the lines of intersection
into the Q-plane are different
for energy gain and energy loss




Triple Axis Spectrometers Have Mapped Phonons
Dispersion Relations in Many Materials

Point by point measurement in (Q,E)
space

Usually keep either k, or k- fixed

Choose Brillouin zone (l.e. G) to maximize
scattering cross section for phonons

Scan usually either at constant-Q
(Brockhouse invention) or constant-E

" o A g . e ._I_T { I..‘;—. *
| _‘T.,‘; = | : fi1) -
o o
) i /,""- \\ ' //
e W i
- g o J.rj
2 s .'\ \ , I E
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e : . P::l-'-ull--'- e - ‘;I | "'-l
r 1o B | ﬁ}::,';:...-:: FRACE e
7 R . o ey, | s SN 000 k
=] " ¥ S 1.1 (-1 ] (3] =1} [ [wE 1 L | u El I =4 B

Phonon dispersion of “®Ar



Examples of Phonon Measurements

of LJ potential

Phonons in '''Cd



Time-of-flight Methods Can Give Complete Dispersion Curves at a
Single Instrument Setting in Favorable Circumstances

b ortse ot Weemen m Transee [x) Kodumd Womesw m fmader [

CuGeO, 1s a 1-d magnet. With the unique axis parallel to the incident
neutron beam, the complete magnon dispersion can be obtained



Much of the Scientific Impact of Neutron Scattering Has Involved
the Measurement of Inelastic Scattering

10000 I I
. e 3PS5 - Chopper Spectromater -
L - without & pin-gcho
s00 L [LL - with s pin-e cho _
Elastic Scatternng
% 1| _
E Motions It eractions ———
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= B Micudbes Foly iioet s S Masn vt "m Procison Crystallowrphy_
< Frod ins in SilwSion Clil luicls Simciures A b i iy
= Wirmin Critical
= Seattering Slower
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=0 Resohmd
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-
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Energy & Wavevector Transters accessible to Neutron Scattering



sample detector

coherent .
beam o
AVl
100 1.10 I R R

o 1.05

Intensity (cps)
3

° R T )
time (sec) time delay (sec)
e(q.f)= (1(q,1)1(q,t' +1)) & (1) =1+ exp(-2I7)
o (g, —_ 14B exp(~2¢/7)

B:speckle contrast



Formal Theorv of Scattering

Neutrons

W ncident neutron wave .
¥3  1mtal sample wave fn
Wi scattered neutron wave In.

¥y final sample wave fn.



i)

tfﬁl 11 (E

— =—— YW, en (1)
E ;

[;m i @ dQ&TFASER

Wi, i = Number of transitions kA — k'A" per second

Use Fermi’s Golden Rule:

Lk
N We ——u |15If AV (2)
#f

vir= Number of neutron momentum states in €2 per unit

energy range at k' .

V= Interaction potential of neutron with the sample.

-
ral

Py
20y

I = ‘rfrn.'r.'.f."r.'.'r.'.' | ”.x.:.-.-arl.'.l.l'nf +V

(Juantize states in box of side L with periodic boundary
conditions:
2n [

k= A ”f.x'-"'i'_r-”_?]'

3

Density of k-pts / unit vol. of k-space =

(2z)
-.:--J.-ﬂ-
2
gr= g
2m
2
dFE = ) kel
m

Now vpdE” = Number of k-pts inside €2 with energy
between £, and £ + JE’

L"i

= (k"V k2
{2]1’)’




Incident neutron wave fn, i =L % Jk-F

Incident flux —1,|1q.r,;c| =—E;—

mop

Thus, by Egs. (1). {2),
) _
alCd —}l’

Use energy conservation law,

.
[;;F,L - [ ]|r.-1|1 o)’

8(E) -Eys+E-E')

="l"“:

(”‘ ];ﬁfﬂ|r|ﬂl}| (3)
2

Formally represent interaction between neutron and
nucleus by a delta-fn. (Fernu pseudopotential)

'[';["ar - EF:': ”'E(ﬁj - EJ]

Consider elastic scattering again from a single fixed
nucleus:

K=k
Elastic )r_ ;IL{.!: AP kh) =a

o m 1 2
(3) g1ives = 5| a -
it} rh

} L do
Comparing this with the result 70
{

2

b

Inﬁz
= )
m

Thus Fr) = [mi}hﬁ{r} is the effective interaction
i

between a neutron at 7 and a fixed nucleus at the ongin.



Scattering by an assembly of nuclei:

e [27:: ]Zh 6{a ) for neutron at # .

|

(kL |V | =;jjm-e—f (k)7 [ Jfar,...ary
ok {2

_ l?[Em‘qz N b i!h,}e_ﬁ;,rej 2\

I- U =i \ {

Thus from Eq. (4)

Ehh

r;]

[ n’zcr l
dCdE IRY

\

h:}e”" Rl A

i
i

8(Ey, - £y + ho)

where

S E Rinha

(5)

fiw= E — E" = Neutron energy loss

Summing over all possible final states A" of the sample
and averaging over all imtial states A, we obtain

2 ’ i - L
"G k YRS AR
f;ﬂ 1L =Izbr"rﬂ' Zﬁ.,l:':-'-.f iq-Rify Ill:u:'::'u,, a3 y
f if A J

h; depends on nucleus (1sotope, spin relative to neutron
TT or L), etc. Even for a monatomic system

b; ={b)+ db; « random sample

bib; = l:f;r}'-z +{h}[§h}’+ ahy I+ i &b
Tl
ZETO zero unless | = §

.'|I zﬁﬁl=ffb21'1|_ .IE"III
ll".ah'l fv {'J

o | d’c
dLUlE”

el < ' e E (]
dQdE’ dQdE’
coh

|

1l
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8(E, — Ey; + ho)
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dQAE" |

iR,
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Write it as
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Heisenberg Time-Dependent Operators

If A 15 any operator, and H 15 the system Hamiltonian

15 the corresponding time-dependent Heisenberg operator.

Ay =A.

: | P
Write Eb{f.;l,, — Ey: + ﬁm]: ﬁ dre r{r}rb,:{f.._ Ey Ji/h
TR

—

Then

> (A4 (0

I'III-."

B |l} M Ey — Eyr + hay)

AN (0| BIp) e/ Ex—Enin

j dte rm.rz:,
L[ =it h |

L

‘,h _ iELt/h lﬂ

oy [ S

-

WA B

1 r =IO h 5
= it e CALALD)B(r )R
= [ dre™™ (3] 4(0)B(e) .,

—_—

ZF ;‘_ufi'l. .&{ﬂ]ﬁ{rﬂl} = {A(D)B(r); « T.D. Correlation
function



Thus, by (6).

_ 1
Scnh{ﬁ’~m}: v 2

|1'|t.{'51f EL‘I}——— 'ﬁr'r

1

1
N 2mh
1

N2mh 7

1
i"l.-’ 2nh

; ﬁfm'”’” ; m{l

ol R0
>

—i=

XY Ryls)
g

=l

ii

J-H*HJ i | Z£ —igj- R [[I-}I Je;H{rJIII'

\7

Let p(F) be density fn. of nuclei,
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It's Fourier Transform
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Van-Hove space-time correlation function of system
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In 17 order — 1-photon absorption, emission

In 2™ order — scattering
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In 17 order — scattering
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Elastic Scattering: @ = 00 — “Infinite time average.”
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(13) (Equal-Time Correlation Function)



